L23 Conditional tests with one-sided H,

1. Conditional tests with one-sided H,.

(1)

(2)

a-level UMP with one-sided H,.
Recall: if 61 < 0y = % is an increasing function of 7'(X), then
For Hy: 0 <@y versus H, : 0> 0
1 T>c
o(T)=< r T=c with Eg[¢(T)] =«
0 T'<e

is a-level UMP

For Hy: 0> @, versus H, : 6 <0
1 T<ec

p(T)=1< r T=c with Ep,[¢(T)] =«
0 T>c

is a-level UMP

Nuisance parameter
f(z; 0, 7) = g1(0, 7)ga(z) " D) ¢75(2) wwhere () is an increasing function of 6.
Then T'(X) is sufficient and complete for § and S(X) is sufficient and complete for 7.

t
By 1-1 mapping y = y(z) = | s | <= x = z(y) with J(¢, s,,ys) = abs g—; )
Yx
fy(t, s, ye; 0, 7) = g1(0, T)g2(t, s, ys) "Dt e J(t, s, y,). So
f(T, S)(ta s; 0, T) = 91(97 T)er(e)teTsh(ta 5)7 fT(t; 0, T) = gl(ea T)er(g)tht(t77_)7

fs(s3 0, 7) = g1(0, T)e™hs(s, 0) and fri5(t; 0, s) = e’"(e)t,i%s’fg).
Thus when 61 < 6,

(X502, 7) 9102, T) ron)—ronyr(x) _ JT(T5 02, 7)

(&

f(X501,7) g1, 7) fr(T; 01, 7)

is an increasing function of 7'(X) for all 7; and

frs(t; 61, 5) hs(s, 62)

is an increasing function of 7'(X) for all S.

Fris(t; 02, 8) _ poiga)—r(onix) Pis(s61)

Conditional tests one-sided H,.

With f(x; 0, 7) in (2)

For Hy: 0 <@y versus H, : 0> 0
1 T>c

o(T)=< r T=c with Eg[o(T)]S] =«
0 T<c

is conditional a-level UMP

For Hy: 0> @, versus H, : 0 <0
1 T<ec

p(T)=< r T=c with Ep,[¢(T)|S] =«
0 T>c

is conditional a-level UMP




2. Statistics other than T'

1) U =U(T, S)

If U =U(T, S) is an increasing function of 7" for all S, then
function of T for all S. Thus

(2) Selecting U =

fris(t; 02,8)

fT|S(t; o, 5)

For Hy: 0 <@, versus H, : 0 > 0
1 U>c¢

0 U<c
is conditional a-level UMP

p(U)=q r U=c with Eg[p(U)|S] =«

For Hy: 0 > @, versus H, : 0 <6

1 U<e

p(U)=1< r U=c with Ey[¢p(U)|S] =«
0 U>c

is conditional a-level UMP

U, s)

is an increasing

Suppose the distribution of U selected in (1) is free of 7 when 6 = 6, i.e., U is ancillary
for 7 when 8 = 6. But S is sufficient and complete for 7. By Basu theorem, U and
S are independent when 6 = 6. Hence the conditional distribution of U given S is
the distribution of U when # = 6y. Thus the condition on the tests in (1) becomes
Ey,[¢(U)] = a. Clearly there is no conditional distribution involved and hence the tests
are a-level UMP tests.

Ex1: For N(u, 02) with § = % and 7 = 02,

o2

Hy: p<0vsHg: p>0<«<= Hp: 0<0vs H,: 6>0.

Recall: T = Y X; is sufficient and complete for § and S = Y X? is sufficient and
complete for 7.

Let U =

T/n

V/(8=T%/n)/n(n-1)’

U’ t(n —1). Hence in

o ={5 yze

Then U is an increasing function of T for all S, and

a = FEg_o[¢p(U)] = Po=o(U > ¢) = P(t(n — 1) > ¢) = ¢ = to(n — 1). Therefore

Hy: p<0vsHy: p>0
Test statistic: U = —X

Vs2/n
Reject Hy if U > to(n —1)

is a-level conditional UMP test



L24 Conditional test with two-sided H,

1. Conditional test with two-sided H,

(1)

a-level UMP with two-sided H,
Recall: Under f(z; 8) = exp [p(f) + q(x) + r(0)T(x)] for

Hy: 0 =0y versus H, : 6 # 6

1 T<crorT>co
HT)=¢ 1 T=c,i=1,2 with Eg[p(T)] = o and Ep,[To(T)] = aEpy(T)
0 aa<T<c

is a-level UMP.

Nuisance parameter

Now assume f(z; 0, 7) = exp [p(0, 7) + q(z) + r(0)T (z) + h(7)S(z)].

Rewrite f(z; 0, 7) = exp[p(0, 7) + q«(7, ) + r(0)T(x)] and regard # as parameter of
interest only. By (1) for the Hy and H, there is

1 T<crorT >co
dT)=<K ri T=c,i=12 with Ep,[¢p(T)] = a and Ey,[Tp(T)] = aEp,(T)
0 aa<T<cy

However Eg,[¢(T)], Eg,[T¢(T)] and Eg,(T) depend on nuisance parameter 7 that needs
to be “removed”.

Conditional test

Replace the distribution of 7" under 8 = 6y by the conditional distribution of T given
S under 8 = 3. Because S is sufficient for 7, the nuisance parameter is successfully
“removed”. We therefore obtain conditional a-level UMP.

1 T <crorT >co
d(T)=< ri T=c,i=12 with Ep,[¢(T)|S] = o and Ep,[To(T)|S] = aEy,(T|S)
0 g <T <ey

2. Simplification

(1)

Using U = U(T, S)
If U =U(T, S) is an increasing function of T for all S, then there exist ¢;(S) and ca(S)
such that

T<crorT>cy U < ci1(S) or U > ca(S)
T=c,i=12 <={ U=c(S),i=1,2
1 <T <cy c1(S) < U < ¢a(S)

So the conditional test can be written as

1 U<c(S)orU>ca5)
p(U)=<¢ 1 U=c¢(S),i=1,
0 61<S) < U<C2(S

with Ep, [6(U)|S] = a and Eg,[U6(U)|S] = aEy, (U|S)



Comments: Clearly we now have many options when selecting U.
In ¢(U), ¢i(S) can still be written as ¢; since when determining ¢; by Eg,[¢(U)|S] = «
and Ey [Up(U)|S] = aEy, (U|S), ¢; will be ¢;(S).

(2) A special U

If the distribution of U under € = 6 is free of 7, then U is ancillary for 7 under 8 = 6.
But S is sufficient and complete for 7. By Basu Theorem, the distributions of U and S
under 6 = 6y are independent. Hence the conditional distribution of U given S is the
distribution of U when 6 = 6. Thus the test becomes

1 U<crorU>cy
pU)y=<¢ 1 U=¢,i=1,2 with Ep,[¢(U)] = a and Ep,[Up(U)] = aEy, (U).
0 aa<U<e

There is no conditional distribution involved and hence ¢(U) is an a-level UMP.

3. An example

(1)
(2)

The problem

Test Hy : p = po versus Hy : p # po where p is in N(p, o2).
Analysis

Let 6 = “= and 7 = 2. Then the hypotheses become

Hy:0=0versus H,: 0 #0

Let T =Y (X; — po) and S = >_(X; — pio)?. Then

f(z; 0, 7) = exp |:—Zln(2777’) — gQQT — 0T — %S _

Let U = \/(Sng;/rg/n(nfl). Then U is an increasing function of 7" for all S.

But U = X240 %20 4(n — 1). So ¢(U) = {

sy /n

1 U<ciorU>co

0 ci<U<ey

Note that Egp_o[Up(U)] = aBp_o(U) =0 = c1 = —c» L ¢.

So o = Egg[UG(U)] = ¢ = to(n — 1).

Conclusion

T

Ho : jo = o versus Hy = ju # o

Test statistic U = X;“O
s2/n

Reject Ho if U < —ty9(n—1) or U > ty/5(n — 1)

is a-level UMP.



